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Quantum Ising models in a transverse field are related to continuous-time
percolation processes whose oriented percolation versions are contact processes.
We study such models in the presence of quasiperiodic disorder and prove
localization in the ground state, no percolation, and extinction, respectively, for
sufficiently large disorder.
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1. INTRODUCTION

Quantum Ising models in a transverse field are related by a Fortuin-
Kasteleyn representation to continuous-time percolation processes whose
oriented percolation version are contact processes./') These models have
been studied in random environments™*; we refer to ref. 2 for references
from the physics literature. In this article we examine their behavior in
the presence of quasiperiodic disorder (see the review in ref. 19) and
prove localization in the ground state, no percolation, and extinction,
respectively, for sufficiently large disorder.

We start by describing the models; we let J>0 and h= {A(x), xe Z¢}
with each A(x)>0.

! Department of Mathematics, University of California, Irvine, California 92717. E-mail:
aKlein@math.uci.edu.

319

822/73/1-2-21 0022-4715/93/1000-0319807.00/0 © 1993 Plenum Publishing Corporation



320 Jitomirskaya and Klein

1.1. Quantum Ising Model in a Transverse Field

The quantum spin Hamiltonian is

J

H=—3 Y. 03(x) a3(y) =Y Alx) 64(x) (1.1)
(x> X

If AcZ?is finite, we define H, as the sum of terms in (1.1) indexed by

sites and bonds within 4. The finite-volume Hamiltonian has a unique

ground state €, and we can define the finite-volume correlation function

1 (2,4, 0'3(3‘)37“?“1“‘7 ()2 ,)
G 1), (3 5) = ST

for x,yeZ? t, seR (eg., refs. 1 and 3). Since G'P(-, -} is monotonically
increasing in 4, we can define

M., Y= 1i M. .
GO, )= lim GO(-,)

We will also write G)(-, -) when we want to make explicit the dependence.

We will use GU(-,-) as an indicator of the amount of order or
disorder in the system. When for some x we have that G((x, 0), (y, 0))
does not decay as |y| = o0, we say that the system exhibits long-range
order (LRO)j in the ground state. However, for an inhomogeneous system
it will not in general be true that LRO is characterized by a uniform bound
from below, but only that

lim sup GM((x, 0), (»,0))>0

Iyl —

On the other hand, if for all x we have that G‘((x, 0), (y, 0)) decay as
| y] = co, we will say that the system exhibits localization in the ground
state.

1.2. Continuous-Time Percolation Process

This percolation process is defined on Z4 xR as follows: Along each
vertical line {x} x R? we put cuts at times given by a Poisson point process
with intensity (x), and between each pair of adjacent vertical lines {x} xR
and {y} xR (ie, {x,y) is a bond) we place bridges at times given by a
Poisson point process with intensity J. All these Poisson processes are
independent of each other.

A configuration of the process is a realization of all these Poisson
processes, i.e., a locally finite collection of cuts and bridges. We will denote
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by Q=Q,, the percolation probability measure, ie., the probability
measure on the space of configurations.

Given a configuration of the process, we consider the subset of Z7*!
obtained by taking Z“x R, removing all cuts and adding all bridges, and
decompose it into connected components which we call clusters. We say
that (x, t) & (y, s) if they belong to the same cluster.

This inhomogeneous continuous-time percolation process appears
implicitly in Campanino et al."") and was studied by Aizenman et al.®’ and
by Klein.®” The homogeneous version was considered by Bezuidenhout
and Grimmett.®

We will denote by C(x, ) the cluster to which (x, ¢) belongs; |C(x, ¢)|
will denote its measure on Z“ x R, where Z¢ is equipped with the counting
measurc and R with Lebesgue measure. We say that we have percolation
if Q([C(x, t)] =00)>0 for some (x, ¢) (and hence for all).

The connectivity function is defined by

G((x, 1), (1, 5))=Ql(x, 1) = (¥, 5))

As in Section 1.1, we can talk about long-range order (LRO) or decay in
the inhomogeneous system. Notice that

Eq(ICl )= % [dsG((x. 0. (5.5)) (1.2)
yeZ
where E,, denotes expectation with respect to the probability measure Q.
It is well known that LRO implies percolation, and summable decay of the
connectivity function [i.e., finiteness of the right-hand side of (1.2)]
precludes percolation.

1.3. Contact Process

If we consider the oriented percolation process we obtain by keeping
the cuts as above, but replacing the bridges by one-way bridges, ie., each
Poisson process of bridges between pairs of adjacent vertices lines {x} xR
and {y} xR is replaced by two independent Poisson processes with the
same intensity J, the first giving one-way bridges from {x} xR to {y} xR,
and the second from {y} xR to {x} xR, and uncut segments can only be
traversed in the direction of increasing time, we obtain the graphical
representation of the inhomogeneous contact process.®

In the contact process language, (x, t) — (y, s) means that (x, ¢) infects
(y, s), i.e, there is a'path from (x, ¢) to (y, s) made up of uncut segments
of vertical lines, traversed in the direction of increasing time, and one-way
bridges. Let

D(x, t)={(y,s); (x, ) > (y,5)}
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be the infected cluster of (x, t), and let D(x, 1; s)= D(x, 1) (Z*x {s}). We
say that we have survival of the infection if Q{D(x, 1 s)# & for all
s>t} >0 for some (and hence for all) (x, t), otherwise we have extinction.

Clearly, survival of the contact process (with parameters h, J) can only
happen if we have percolation (with parameters h, 2.J).

The contact process in a random environment has been studied by
Liggett,””-® Bramson et al,’ Andjel,"” and Klein.®

It follows from the Fortuin—Kasteleyn representation of classical Ising
models (e.g., ref. 11) and the results in refs. 1 and 3 that

G2h,J/2((x’ t)a (y= S)) < G;{)J((xa t)’ (ys S)) < Gh,J((x7 t)’ (y’ S))

We will thus study the continuous-time percolation model.
We introduce quasiperiodic disorder by taking

h(x)= f(Ax+6)

for all x e Z% where 0 € T, the k-dimensional torus, f: T* - [0, c0), and 4
is a k x d real matrix such that x — T, defined by 770 = Ax + 0, gives an
ergodic action of Z¢ on T

If f is bounded from above [e.g., if fe C(T*)], we always have LRO
for large J by comparison with the homogeneous case. " If f is bounded
away from zero [ie., f(8)> 6 >0 for some 6], we always have exponential
decay of G((x, t), (y, s)) for small J for the same reason.

But if f can take arbitrarily small values, there will be (for a.e 6)
infinitely many regions in which the system wants to be ordered, as in the
phenomenon of Griffiths singularities, even for arbitrarily small J. This is
the situation we study in this article.

We will need some definitions; we always take n > 0.

Definition. We say that ge C(T*) is of type # if g(#)>0 and
g 1({0}) is a finite set {0,,.., Bz} with

lirrii;jfelg_e"‘_" g(8)>0

fori=1,.., R

Typical examples are nonnegative analytic funuctions, e.g.,
k
g(@) =1 [1—cos2n(,0))] with ¢eR*
j=1

which are of type # for all #> 0.
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Definition. f: T* - [0, «) is n-admissible if there exists g of type
n such that f(0)>g(0) for all 8T

Definition. We say that a real kxd matrix A is diophantine (or
has typical diophantine properties) if there exists ¢ >0 and C > 0 such that

d(Ax +6, 9);——9~ (L.3)

1xld+s

for all €T, xeZA {0}, where d(-, -) denotes the distance in T*. By “4
is e-diophantine” we mean that (1.3) holds for the specified ¢ with some
C = CA,B > 0.

Our first theorem is:

Theorem 1.1. Let d=12,.k=12... Let h(x)=f(4Ax+0),
where A is e-diophantine and f is y-admissible, with 0 <y <1/(d+¢).
Then for any m>0 and any v, with (d+¢)p<v<], there exists
Jy=J,(d k,¢e, C,,,n m v)>0 such that, if 0<J<J,, we have that for
almost every 8 e T* and all x e Z7,

G((x, 1), (3, 5) < Cypexp(—m{|x—y| + [log(1 + [t —s)]""})

for all ye Z% 1, se R, with C, ,< co. In particular we have extinction of the
contact process for almost every 8 if J is sufficiently small.

If k=d=1, the matrix 4 can be identified with a real number, say w,
and in this case T*0=wx+ 6. The ergodicity condition is equivalent to
requiring w to be irrational. The diophantine condition is the usual one for
real numbers.

There is an analogy between localization in the ground state of quan-
tum spin systems with disorder and localization for disordered Schrodinger
operators (e.g., refs. 12 and 1). It is easier to prove localization for random
Schrédinger operators (e.g., ref. 13) than localization in the ground state of
an Ising model with a random transverse field.""*) But for quasiperiodic
disorder, the proof of Theorem 1.1 is not only easier than the proof of
localization for quasiperiodic Schrodinger operators,’* !¢ but there is no
difference between one or many frequencies. In fact, many frequencies make
localization in the ground state of an Ising model with a quasiperiodic
transverse field more likely.

But the analogy can only be taken so far. It is known that for the one-
dimensional almost-Mathieu operator H= —JA4 + cos 2n(wx + 0) one gets
very different behavior for diophantine w or Liouville w (e.g., ref. 17). For
any irrational w the Lyapunov coefficient is always positive for J < 1/2, but
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while we have localization for w diophantine (at least for J< 1), if wis a
Liouville number the spectrum is always singular continuous for J< 1/2.
But in our case, it turns out that for k =d=1 we have localization in the
ground state of the Ising model with a quasiperiodic transverse field for
any irrational w, at least for n-admissible functions with # < 1/3. We do,
however, loose the faster than polynomial decay in the time direction of
Theorem 1.1, and the proof is much harder.

Theorem 1.2. Let d=1, 0 <5 <1/3. Let h(x)= f(wx + 8), where w
is an arbitrary irrational number and f is #-admissible. Then for any m >0
there exists J, =J,(m, 5, w) >0 such that, if 0 <J < J,, the conclusions of
Theorem 1.1 hold with v=1.

2. THE MULTISCALE ANALYSIS

We will use the same scheme for the multiscale analysis as in refs. 5,
1, and 4. Let us consider the continuous-time percolation process on
Z7x R in an inhomogeneous environment. We let

A (x)={yeZ%|y—x|,<L}
and
B(x,1)=A (x)x [t—e™D), 1+ "]

where T: R* - R™ is an increasing function to be specified later. We also
let

04,(x) = {ye A,(x); (3, y'> = Z%for some y' ¢ A,(x)}
OB (x, 1)=A,(x)x {t—e™D, 1+ T}
OyB(x,1)=0A,(x)x [t—eT"), t + 7 1]
OB, (x,t)=0,4B,(x,1)Ld,B,(x, 1)
Definition. Let m>0, L> 1. A site xe Z“ is called (m, L)-regular
if
Gp,x0((x, 0), Y) < et

for all Ye 0B, (x,0). Otherwise x is called (m, L)-singuiar.

Due to the translational invariance in the ¢ direction, we might have
taken in this definition every box of the form B,(x, ¢) for any ¢ as well.
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Definition. A set A< Z? is called (m, L)-regular if every xe 4 is
(m, L)-regular. Otherwise it is called (m, L)-singular.

Let us fix u, with 0 <pu < 1.

Definition. A site xeZ9 is called L-resonant if h(x)<e ™. A set
A Zis called L-resonant if there exists x e 4 which is L-resonant.

Definition. A number L>0 will be called m-simple if for any
x € Z¢ which is (m, L)-singular we must have that 4,(x) is L-resonant.

We will use two “standard” multiscale analysis statements (e.g., ref. 4),
which we need to formulate in a slightly more general form. We will
consider stationary disordered environments, ie, {h(x), xeZ?} is a
stationary stochastic process. In the case of quasiperiodic environments, we
have T* with normalized Lebesgue measure as our underlying probability
space.

Theorem 2.1. Consider the continuous-time percolation process
on Z?xR in a stationary disordered environment. Let T(L)=e"* with
O0<v<l, take m, >0, and set

P, =P{0is (m,, L)-regular}
Suppose there exists an increasing sequence of scales L,, with

L
k+1 M
——<elx

Ly

such that
Z LZH(I —P )<
k=1

Then for any m with 0 <m<m_ we have, with probability one, that for
every xe Z°,

G((x, 1), (¥, 5)) < C(h, m) exp(—m{|x —y| + [log(1 + |t —s])1""})

for all ye Z7 1, seR, with C,(h, m) < co.

Theorem 2.2. Consider the continuous-time percolation process on
ZxR in an inhomogeneous environment. Let L <L, <(1/2R)L, and
suppose there exists x,,..,xg€4,,(y) such that AL (WNUR  4,,(x) s
(m, Ly)-regular. Then

GBLQ(y,O)(yy Y) <exp(—mL,)
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for all Yed, B,(y,0) with

d—1)1
rh:;ﬁ(m,Lo’Ll’Lz):(m_( )nLo_lnT(L0)><1_L1R+1)

L, L L,
(2.1)

The statement of Theorem 2.2 makes sense only if the right-hand side
of (2.1) remains positive, which will be always true for large enough L, for
suitable choices of T(L).

The estimation of Gp,(, 0)(y, Y) for Yed,B,(y,0) is as always much
more complicated. In some cases we will find the following theorem
particularly useful.

Theorem 2.3. Consider the continuous-time percolation process on
Z“ xR is an inhomogeneous environment. Let Ly=L,, L, = L}, with y> 1,
T(LYy=e", 0 <u<v<1. Suppose L, is large enough and:

(a) The event described in Theorem 2.2 occurs.
(b) A, (y)is L,-nonresonant.

Then A,,(y) is (m, L,)-regular with

_ L,R+1 2 2
wmi=m|1l— ———
Lj Ly L,

Theorems 2.1-2.3 can be proved by repeating the proofs of the
analogous theorems in refs. 1, 4, and S. They are the key technical steps in
the multiscale analysis.

3. PROOF OF THEOREM 1.1

The following proposition contains the property of an y-admissible
function that is actually used in the proofs.

Proposition 3.1. Let f be an #-admissible function. Then there
exist 0,,..., 0 € T* such that, for any u >0, if L is sufficiently large, we have
that f(8) <e *" implies d(0, 6,) <2L*" for some i=1,.., R.

We now restrict ourselves to a continuous-time percolation process
in a quasiperiodic environment with h(x)=f(4Ax+6), A4 and f as in
Theorem 1.1. We fix u such that (d+e¢)y<pu<1, and m>0. We set
p=u/n, and notice that p>d+e We take 1 <y < p/(d+¢).

Lemma 3.2, Suppose L >0 is m-simple and sufficiently large. Then
for any x € Z9 there exist y,,..., y g € 4 (x) such that A,,(x)\UR | 4,(y,) is
(m, L)-regular.
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Proof. Suppose xi, x,,..xz,;€Z" are (m, L)-singular. Since L is
m-simple, that means that A,(x;) is L-resonant, i=1,.., R+ 1, and due to
Proposition 3.1 there exist ;€ 4,(x,) and j,e {1,.., R}, i=1,., R+ 1, such
that

d(T~6,0,)<2L~”
Thus there exist X,,, X, such that

d(T™0, T™0)<d4L~*
But according to (1.3),

(T, T™0) > — -
Ix/q _xkz

|d+£
It follows that
C 1/(d+¢)
| X g, — Xyl > (Z) LP@+a > 217 + 2L
if L is large enough, since y(d + ¢) < p. Thus |x,, — x,,| > 2L7, which proves
the lemma. |

Lemma 3.3. Let L be m-simple. Then L7 is m-simple with

_ ( 2R> 2 2
m=m| 1

—Ly—l _L'y——l.-L1~v
for all L sufficiently large.
Proof. 1t follows from Theorem 2.3 and Lemma 3.2. J

We can now prove Theorem 1.1. Let us pick an initial scale L,,
sufficiently large so we can apply the previous lemmas, and let L, , ;= L?
fori=1,2,.. Let m; >0; we set

2R 2 2
My =m; I—L-,lv—l ——LYWI_L;‘V

I

Given m_, >0, we can find m, > 0 such that m;>m_, foralli=1,2,....
If we take J sufficiently small, we can guarantee that L, is m,-simple. It
follows from Lemma 3.3 that L, is m-simple for any /=1, 2,.... Thus

4R
P{0is (m,,, L;)-singular} <P{A4,(0)is L-resonant} < Tr
by Proposition 3.1.
Theorem 1.1 now follows from Theorem 2.1. |
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4. PROOF OF THEOREM 1.2

For this proof we need to make certain changes in the multiscale
scheme. To simplify the argument we will take R=1, 6,=0; the proof
extends to the general case with the obvious modifications.

Let w=[k,, k,...] be the continuous-fraction expansion of w; we call
Pnln= [k, ky,... k,] the nth approximant. We will denote {g,w—p,| =
d(T0,0) by 4,. We are going to use the following properties of
continuous-fractions expansion (see, e.g., ref. 18):

1. We have

1 1
A, (1— In ); (4.1)
Gnat 9ny2 2qn+1

2. Forevery0<l<gq,,,, 0T,

e, T'0y=4, (4.2)
3. We have

g2 /2y (43)

Let us pick an initial scale L,. We set our sequence of scales L;,
i=1,2,., by the following inductive rule: Fix

— _1
s> 1, I<y<s, r<min(Aw—z—/,s(y—l),s3 )

Given /, find n(i) such that

Qi S Li<quiy 1

If Gniiy+1 <y but L, =LY, otherwise put L, =L,q,;,- Using our
condition on r, we get that if L, is sufficiently large, then for each j such
that g;,, > q; there exists at least one i(;) such that

4 <Lin<Lij+1<Liy+2<9g;11/2

We also need to change our definition of T(L). If L, ;= L?, we define
as before T(L,.)=exp(L],,). If L, ,=Lgq,,, we put T(L,, )=
exp(L;, 19,.y) for some §, with 1>6>0, to be specified.

Let

Jo(n)=max {j: L;< %}

Ji(n)=max{;: Lj<qn}
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Lemma 4.1. We can choose y, v, s, y, r in such a way that for any
m >0 there exists J, such that, if J<J,, we have that L, is m-simple if
i=j,(n) for some n.

Lemma4.1 is a special case of Lemma 4.3, which is proved in
Section 5.
Recall p= u/n. We will always have p>max(y, r+ 1).

Lemma 4.2. For ae. 8T and all xeZ°, there exists k(6, x)< o
such that for k> k(6, x) we have that A, (x)is (L, m)-regular if L, is
m-simple.

Proof. 1If L, is m-simple, it follows from Proposition 3.1 that
pe=P{4,, (x)is (L, m)-singular}

<P{A,,, . 21,(x)is L;-resonant }

4 16L
SALyyy+2L) ;<
k k

The lemma now follows from the Borel-Cantelli lemma, since
i1t (L y/LR)y<oo as p>y, p>r+1. |

Lemmas 4.1 and 4.2 already give decay for G((x, ), (¥, s}), but with
no information on the rate of decay. Indeed, it follows that we have an
increasing sequence of scales L, such that for L, <|y—x| <L, A we have

|G((x’ t)’ (ya S))I ge*(m/z)Lki

for k&, sufficiently large.

To obtain the decay of Theorem 1.2 we need to control—in both
deterministic and probabilistic ways—the growth of the sequence L. We
will actually need the following more detailed version of the Lemma 4.1,
whose proof we will postpone to the next section.

Lemma 4.3. Suppose 0 <y <1/3, and let u and § be such that

2 3r+1
p > max {ys, —s—, y(3r+ 1), (—ﬁ——)—s}
s—r S—r

0<5<min{s(1—u) 1=n 1=3n 1}

2r om0 2—9y’2

Then for any m >0 there exists J, such that for J<J, the scale L, is
m-simple in the following cases:
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If i=j,(n) for some n.
I Guity+1 <@y and n(i—1)=n().

1

2

30 X i1y 1 <qn—1y, Mi—1)<n(i), and g, 1 <G

4. If i= jo(n)— 1 or jo(n) for some n such that g, > g, ;-
5

I gy 1> G- 1) a0d Gy 11 <y
We will also need the following two lemmas.
Lemma 4.4. For every xeZ and k> 1 the set of phases

Ok = {9 e T': there exists y € Z, L,-resonant, such that |y — x| < %}
n

has measure not exceeding 2/n(k)*.
Proof. Let us consider the set
1
B = {9: forall ye [x, x + q,4,] we have d(T76, 0) > ~———2}
qn(k)n(k)

We will prove that for 6 e B, d(T0, 0)> 1/q, 4, n(k)” for any x — g4,/
n(k)? <y <X+ guuy4 /n(k)> Indeed, let /= [(y —x)/q,4)]- Then by (4.1)
and (4.2)

|7]

n(k)+ 1

d( Ty9, 77~ lq"(k)g) = IlAn(k)| < 2

On the other hand, we have y —Ig,, € [x, x + g,4,]. Thus d(T>~'m0g, 0)
> l/qn(k)n(k)2' For |y—x| <qn(k)+1/”(k)2 we have |/| Sqn(k)+1/qn(k)n(k)2
and d(T6, 0) > 1/2q,4,n(k)*> > 1/L%. That proves the inclusion B < (6%).
Evidently

1 2
2} S
qn(k)n(k) n(k)

Lemma 4.5. Let d;=q,u, /n(k)*—2L,. Under the same condi-
tions as in Lemma 4.1 we have that for a.e. 8 and every x € Z there exists
ko(x, 0) < oo such that for k>ky(x, @), we have that A,(x) is (m, L;)-
regular.

PBI< Y Pledrn o< I

ye [x,x+ gnk)]

Proof. Suppose n(k,)=n(k,). Then using the notations of the proof
of Lemma 44 we have by definition B¥=B2 It follows that
Ukiingen) = nity O € (B

Let k=min{k,:n(k,)=n(k)}. Let y be an (m, L;)-singular point.
Then if k is sufficiently large we conclude that 4, (y) contains at least
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one (2m, L;_,)-singular point y,. But it follows from Lemma 4.1 that
for J small enough the scale L; , is 2m-simple. Thus there exists an
L;_-resonant point

nedy, (yo)
For 0eBY we have d(T7°6,0)>1/2q,,nk) for |z—x|<
[g.(k)+ 1]/n{k)>. We have two cases:

(1) Suppose Ly;=L;_,q,_y Then we have L; > q,u)> g, and
1/2qn(k)n(k)2> /LY L if p>s/(s—r).
(i) Now suppose L;=L} . Then

1 1 1 1
2Wmenk)? 2Lgn(k)? 2Lt n(kp  LE_,

if p>y.

We conclude that for 6e B% we have d(x, y,)> g, /n(k)?, which
implies

qn(k)+1_L__Lk>qn(k)+1__2Lk

d(x, y)> n(k)2 k n(k)z

It now suffices to use the Borel-Cantelli lemma and Lemma 4.4 to get the
statement of Lemma 4.5. ]

We can now prove Theorem 1.2 assuming Lemma 4.3. Fix xeZ, 5> 1.
Let |y—x| be large enough. Suppose (y, t;)€ By, (%, 1)\Byr,(x, t). We
have two cases:

Lo bLiyy <qupy+ (k) —2L,.

20 DL Z G + /n(k)? =2L,.

Suppose 6 belongs to the set of full measure (JZ_, Nxsw BY and
k> ky(x, 8). Then in the first case A, (x) is an (m, L;)-regular region
and applying, say, the proof of Theorem 3.3 in ref. 4, we get the desired
decay of the two-point function. In the second case we have

Loz Ly qnu> n(k)*(bLy ., +2L,) 2 Gugey+ 1

We have four subcases:

Lo Lo > Guuys1-
20 L1 <Guy+ 15 Dnty+ 1> Doy
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3 L1 <Gugy+ 15 Dntor+1 <Gy Le=L}_, (notice we must also
have L, ,=1L}).
4 L <uiys 1> Dy +1 <Duixys L= Lic1Gre_y)-

In each of these subcases we may apply Lemma 4.3 to get that L, is
m-simple. Now suppose k >max(kq(x, ), k(x, 8)) [see Lemmas 4.2 and
4.57. The same argument as before applies to prove exponential decay. |

We required some conditions on p in Lemmas 4.2-4.5. These can be
satisfied if

> b
S—r S—r

3r+1 2
p>max{y(3r+1),s(—ri—) a y}

Given ¢ >0, we may pick

s> 1, l<y<s, r<min<§—gl,s()’—1)>

in such a way that we can choose p<1+4e¢ That means that for any
0<n<1 we can find u such that Lemmas 4.2-4.5 hold with p = u/. Thus
the only restriction on # follows from the conditions on § in Lemma 4.3
and it is n < 1/3.

5. PROOF OF LEMMA 4.3

Given m, Ly, L,, L,, we define m(m, Ly, L,, L,) by (2.1). We take
p>ys.

Lemma 5.1. Suppose L, is m-simple. If either one of:

(1) Guiy+1<dnu and n(i)=n(i+1)

(1) Guiy+1 <ngiys n(i)<n(i+1), and g5 1)1 <qnuv1)

(1) Guiys 1> Tngys Dni+ 1y +1 <D+ 1)
holds, then L, is m, ~simple with m, ,=m(m,, L;, L;, L; ). If:

(iv) Dutit 1)+ 1> Dui s 1)
then L; ;4 1))—1 18 Myngio1y)—1-simple and L; 11y 1S M (i 4 1)y simple
with

mjo(n(i+ 1) —1 ="’—7(mia Li’ Ljo(n(i+ 1))y —2» Ljo(n(i+ 1)) - 1)

My i+ 1) = m(mjo(n(i+ 1y—1s L Ljo(n(i+ 1) Ljofn(i+ 1)
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We now proceed to finish the proof of Lemma 4.3 assuming
Lemma 5.1. We take

s s
p>max( - )
§—2r S—ry

Lemma 5.2. For any »n the scale L;,, is m,-simple with m; =
mim; _y, Ly Ly 1y L)

Proof. We will prove the lemma by induction in n. Suppose L; 1,
is m;(, _ y)-simple.

1. If ji(n)=jo(n), g,> ¢ _,, then taking i=j(n—1), we can apply
Lemma 5.1, case (iv).

2. If ji(n}y>jo(n), g,>q, ;. then Li=L,q, <q,<L;q, i, and
by (iv) of Lemma 5.1 the scale L, is m;-simple. For two points x;, x, that
are L;-resonant we have by Proposition 3.1

4 4qrp_ 4qzrf1 1
d(T40, T*0) < — < 2t c 2d e
L~ g T e et

On the other hand, d(T*0, T*0)> 1/2q, for |x, —x,| <gq, by (4.2). Since
p>s/(s—2r), we can conclude that |x, —x,| > gq,.

Suppose there exist three (L;, m; )-singular points x,,x,, x3€ 4, .
Since L; is mjo-simple, we can find L, -resonant points X,, X,, X5, with
J?,-E/leo(xi), i=1,2,3. Thus [X,— X] >gq,, ] <i<j<3. But at least for one
pair (i, j) the distance [%;,—X,| <L; 24+ L; +1<L; <gq,.

This contradiction proves that assumptions of the Theorem 2.3 are
satisfied; thus, assuming that 4, is nonresonant, we apply Theorem 2.3
to prove that it is (L;, m; )-regular, which proves that the scale L; is
m; -simple.

3. If g,<¢q, , and L, = le‘vlq;(jl_l), then L} >g, and

L = le(,,_l ); therefore it is mj-l(,,,l)—s1mple.

For L; _-resonant points x,, X, we can now use
p
4qn( s—1)

p P
Lj1—1 le

d(T6, T=0) <

q;P(l/"/'r/s)

Since p>ys/(s —ry), we can now use the same argument as above.
4. The last case is ¢, <gq, _, and L, =L If n(j, — 1)=mn(j,), we

Ji— 1"

can apply cases (i)-(iii}) of Lemma 5.1. If n(j, —1)<n(j,), then j,—1=
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jin(ji—1)+1); thus L, , is m; _,-simple. For L, ,-resonant points
X1, X, We get

4 4 4
d(T6, T*0) < —— =< =
Lfl‘l le qﬁ/y

1
d(T™8, T*0) > 5 if |x;—x51<q,

n

It follows that since p >7” we can use the same argument. That completes
the proof of Lemma 5.2. |}

Let us define m'(m, Ly, Ly, Ly)=m—m(m, Ly, L,, L,). It can be
easily seen from the definition of the sequence of scales L; and (2.1) that
for any L, < o0 and m >0 we can find J,, m, such that for J < J, the scale
L, is my-simple and

!
Z m(mh Lia Lis Li+1)
ivi= ji(n)— 1 for some n
O gu(i)+1 < ‘1;(,')

!
+ Z (m (mjl(n)a Ljo(m+1)73’Ljo(m+1)f2’Lj0(m+1)~l)
n:qn+1>q;

+m'(m(m+1) =1, Loy 3 Ly 1= 15 Ligm+1))) <Mg—m
Lemma 4.3 now follows by induction from Lemmas 5.1 and 5.2. |

Proof of Lemma 5.7. We will refer to n(i) as n unless otherwise
noted. The cases (i) and (ii) are “almost diophantine” and so is the
argument.

Proof of (i). Suppose there exist three (L, m;)-singular points
Xy, Xy, x3€A,, . Since L; is m-simple, we can find L,-resonant points
X1, Xa, X3, With X, € A4, (x,), i=1, 2, 3. We conclude that

d(T™6, TY0)< 2L, Lj=1,23 (5.1)
and for at least one pair (i, j) the distance |x,— X;| <L, <q,. . Without

loss of generality we assume that |x, — X,| <g¢,,; thus we get by (4.1),
(4.2) that

1
>
29,41 29,

T30, T0) >
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If |x, — %,] >q,, we have

d(T*0, T, 0)>——
( ) 2|xy = x5

Thus |X,— X,/*>%L? which, since p>ys, is in contradiction with
|, —x,f<L;, . f0<|X, —X,]| <g,, we have

o {
d(T"0, T0)> >

n

which, together with (5.1), is in contradiction with L;>g,. If we now
suppose that the box 4,  (x) is nonresonant, then we can apply
Theorem 2.3e to get that it is my,;-regular. Thus the scale L;,, is
m; , -simple.

Proof of (ij). Analogous arguments show that for any two
L;-resonant points %, and X%, such that |¥, — X,/ <L, , we have (5.1).
If 0<|x,—X%/<gq,,,, we may use the same argument as above. If
|¥, — X5 >4q,.+1, We use that

X1 =%l <Liy1<Guis )+ 1 <@ueny<Lip  SLT

Thus

1 S 1
2qn(i+1)+1 2Ly

d(T*9, T>0)>

This is in contradiction with (5.1) and the proof can be completed as
above.

In the cases (iii) and (iv) we cannot apply Theorem 2.3, so we will use
the following:

Sublemma 6.3. Let q,;.1>¢,,;- Suppose there exists
xed;, (y)such that 4, (y)\4,,(X) is (m;, L, )-regular for some iz <7
Suppose also that for some § <d’' <1—4, d<rk<1—4' we have

Y Inh(x)=JL,gl> —Liy 1 q50x (5.2)

s
xe ALi‘i;(i)[x)

Fix r(1—-¢') <t <r(1—5). Then there exists /=I(m,, L, r, 8, &, k, T) such
that if L,>/, we have

Gy, (n0)((3,0), Y)<exp[ — M exp(1/2L,q,5)]

for all YedyB,,, ((y,0)) with M >m —exp(— 3L,q,;)).

822/73/1-2-22
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Proof of Sublemma 5.3. We will follow the proof of the analogous
statement in ref. 4. It follows from our construction that under the condi-
tions of the lemma we bave L, = L,q,, and T(L,-+1)=exp(L,~+1q;(,.’)").

Take

Y = (z, eb+19mh), zed,, (»)
The case

Y=z _eLi+1q,,‘(,~’)‘§)

can be treated in the same way. We set

. —t . ; -ré_ -t
Sj= BL,-+1,1/2 exp(L,-.,.lq;(ir)(y’ (] - 1/2) eLH-lll,,(,)), J= 19 29---7 [eLu-H(’I,,(,) qnm)]

Denote
Apg (X)

by A. Set

6 — rH1—8"—x)

~ _ r(IVA K) _ L
H=Ax[s—ie i " s+ie % ]

For each s we introduce the event D, given by

D, = {there are no bridges in H, and for each x & A the line segment

_ 15— 1= —x)
{x}x[s—%e %0 ", s+3e %0 ]has atleast one cut}

For each configuration in D, there is no connection between
~ (1~ 8 —x) ~ (-8 —x)
Ax{s—3e %0 "} and  Ax{s+ie 0 "}

inside H,. We have

Q(D,)=exp[—J|A| e~ ] T] {1 —exp[—h(x)e~si "
xed
>expl—L,q5,(Je=0 " "4 q %9 —n2)+ Y Inh(x)]

xed

1}

ri

>exp[_2Li+1qn‘(i)

by (5.2).
Let us denote

. —rd . —ré,
B,=Ax [ —eki+tdmi ghi+19mn ]
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for any AcZ. Let A =A,,/(x) and let F; be the event that there is no
connection inside S;\B; from the exterior boundary of B; to B

ALH—l\A
Since S;\B; is entirely inside an (m,

L, )-regular region we have that

Liq::z;') —2(L;+2) 1
L,+1

ins

O(F;)<2 exp[2L,~+1qn_(f)] ¢Xp [_mioLio <

< 2 exp[ZLiq;(z) —m; L; (qu(l) )]
< exp[—CLiQZ(i)]

for some ¢=c(r, 1, 8, m;) and L, sufficiently large, since 7> r(1 —4’).
We now define

—_ L L; l(qn—ré__qn—r)
Aj - 17j a D(j~ 1/2) exp(Li+ 1d,)) J= 1,..,, [e * ]

Both F; and
D ;- 1pyexniLiciag
are local negative events; thus the Harris-FKG inequality implies
Q(Aj) = Q(Fj) Q(D(j— 1/2)exp(L,-+1q”_(f)))

>(1— ecL,-q;‘f})) e—ZL,-q;((,J > e—3L,q”<('> %)

Let
A=A, j=1,., [ehd=wi]

All 4, are independent identically distributed events and we get

Q(4)=T](1—-0(4,))
=(1-0(4; Y)eRPL L1~ 4]
< {1 - exp[ 3L q:t((l ‘K)] }exp[Lr(‘I;(i) 6)_qn(l) )—1]
<3exp{—exp[ —3L,q0, " + Ly~ — Ly’ 1}
<exp{—exp[1/2¢,} VL,1}

since k¥ > and t>r(1 —8') >ro, for L, sufficiently large. We have

{05, oo Yind=C
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where C is the event that there exists a connection of vertical length
zexp(L;, 14, inside an (m,, L, )-regular region BAL.H(y)\/i' Evidently

Q(C)<1B.1,_ il exp(=mi, Ll [exD(L s ;) I TL )] ~ 1)
S [Livyexp(Liy s ,3) 1" expl—rmy Ly, exp(Lidi" = Lodriy 1))]
<exp[ ~ M’ exp(L;q5)]
Thus
Gy, rol(3,0), Y)<exp[ — M exp(1/2L,q;77)]
with
Mzm—exp(—1/4L.q%:") |

Now we start the proof of case (iii) of Lemma 5.1. For any x,, x, such
that |x; — x5/ <L\ <q4 1+1 We get
1 1

a(T>0, T0) > >
zqn(i+l)+1 25641

On the other hand, if we suppose that x,, x, are L-resonant, then (5.1) is
satisfied and

_Aqh, _4q 4
a(r=e, T=9) < ) ¢ “Ani+l o —
Lﬁ'p Ly, qn(l+1) Q5(11+1)/)

We get that since p(1 —r/s)> s, then if L, is large enough, [x, — x,| > L, ;.
Now we only need to prove (5.2) for nonresonant 4, (y) and some
appropriate values of ', k in order to be able to use Sublemma 5.3, which
will allow us to complete the proof in the same way as before. Let us
denote d(T76, 0) by d(x). Our condition on the function f(#) implies that
In h(x) > —(d(x))~" + ¢; thus, in order to apply Sublemma 5.3, we are to
estimate

Y dx)

xe Aqun(l)(x)

for some 6 < §' <1— 4. Suppose L,+ i(y) is nonresonant; then d(x) > L *"
for xeA,, (y) and (4.1), (4.2) give us the following estimate:
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2L an 11 k -
Y dx)7'<4 Y <L7+”{”+————>

xe ALl 1/’;:_2,.;;1 2+ 1)+ 1»1
"Tn(i) -
+4 ) (L T+ £ )
k=1 2qn(z‘) +1
V2Ligim

-1
+4 ) (L7+"{"+ k) =242+
k=1 2qn(1)

We will estimate 2, 2% and X° separately.

1. We have
1/2Li4::?;')q;(il) +1 kL'um "
si<art, Y. <”—Tli)
Pourt 2qn(i+1)
12Ligarh 41 k -7
carr, (1+5L¢‘i"r5)
k=0

& 1
J‘I/ZLf‘l;(i)‘in(i) +1

<4L%,, [1 + (14121407 5x)™" dx]

0

2 . sl
<4Lf+1{1+m[(1+1/4¢I2fi>Lﬁ-'¢’1 )! "—1]}

i+1

5 (L= )+ S
<4Lf'l+1q;r1(i)<4Li+lqn(is)( e

Here we used that L;, | > ¢4+ 1> @y
2. In the analogous way we get

ré' —1
1/2Liq ;) kL#n N\~
22<4arLr,, Y <1+—-1i->

k=1 2q,0+1
1200 "
4Lt Y (L+kpLyihy
k=1
2L 5! d
<4L§I+IJ‘ ! /x-l
(L+ (L8 2)x)"

8LY, | /n—1 b
<m[<1+zqnm L, LY -1

1—1/m)+1 (&' —1)(1— Jn— i —r(1—
Ly it L gy "

<
1—

—1 U=l +r(1—0
<8(1-1) Li+1qn(i() i »

339
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3. To estimate X3, we write

, Uz%‘l%) k \"
si<4 < )
K21 \2n

241

< q:’ll (1/2L_qr5")l\r]
1 y i1 (i)

8
1= 1 — 1)1 =)+
<1 ”Li+1q)r1(i) mn

8
—p(s—1)—r(1 - )1 —
<qoy Leraae

Since

Y Inh(x)—JLgiy> 2"+ 224 22 = (- ) Ly,
xeALiq;fz;_)(;c)

we get that if we take

5<6’<min<s(1r_ﬂ), 1)—-6

_ 1
(5<K<min(1—5’,s(1r B s ”(Sr ) (=1 =),

(1-=n) .
— +(1—n)(1—5)> (5.3)

then the condition {(5.2) of Sublemma 5.3 will be satisfied.
The value of x satisfying (5.3) can be found 6’ < 1—§ implies

1—-6'>8, gls—Dr '+(1=8)1—y)>s

Furthermore,
1_’1 7 ) —1
—r——+(l—n)(1—6)>6, o <s(l—pyr—'—9

implies s(1 —p)r 1 —§>4.

We can now use Sublemma 5.3 to prove the desired decay of the
two-point function and thus to conclude that L, is m,, -simple, which
finishes the proof of statement (iii).

Before we start the proof of the last statement (iv) of the lemma, we
will need the following:
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Proposition 5.4. For ¢;<k <gq,, /2 we have

d(T*0, 0) > ([ﬂ - 1) 4,

Proof. Let us represent k as k=b,q;+ --- +b,q,+ by, where
k—b.ag,— --- —b, . k
bjzl: b:q, j+1q/+1:| for 0<j<i, and bi:[-]
g; q:
Evidently 0<b;<k;, ;. We have

d(T*0, 0) = d(T*0, O)-—

740, 0)(— 1)

Here we used that sign(wg,— p;) = —sign(a)q]-+1—pj+1). Denote wq,;— p;
by a;. Recall that d(T7%0,0)=|wg,— p) =4, Since ¢q;=k;q;_,+q;_,,
p,=k;p; +p;_,, we have the same relations for the sequence aq;:
a,=k;a;_,+a,;_,, which implies 4,=|a) =4, ,—k;4,_,. Thus

Z 21+2r j—2l+2r—1 forany 1<j/2

Let jo=mm{j>0: bj;éO}.
1. If (i—jo)/2€ N, then

(i—Jp)/2
d(T*6, 0) > bjo jo Z bj0+2rAj0+2r—1+bi'aiI
r=1
) (= J)2
>bj0A]0'— Z k0+2r Jot2r— 1+b
r=1
> (b~ 1)4,, +b,4,>b,4,

Since b,_,q,_,+ --- +b,q; + by <g,, we have

k
d(T*6, 6) = [3] 4,

2. If (i—jo,+1)/2eN, then in an analogous way we get
(f—jo—1>/2

d(Tk@ 9)> Jo ] Z kj0+2rAj0+2rA1-biAi

r=1
> (b, — )4+ 4,1 — b4,
ZAi~l_biAi
> (ki1 —bi) 4,
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Since k£ <¢,. /2 and b,= [k/q,], we have

qi L /Tq 1
bi<—2‘;—il<'2‘<|:—t—1:l+l><§(ki+1+1)

Thus

1 k
d(T*6, 0)25(k,-H—l)A,-?(b,-—I)Ai><[-q—]— I)A,- |

i

We now return to the proof of (iv) of Lemma 5.1. There will be no
further interruptions. We will refer to n(i+ 1) as n and jy(n+ 1) as j,.
Since L; <g,,/2, applying Proposition 5.4, we get that for all

Xe ALjO(O)\Aq,,(O)a
A(T*0, 0) > (Lﬂ - 1) 4,

From L;,,=L;q,>4,,1/2, we have the following estimates:
L >qu:1/29,, Lj_2>q,.1/2q). Thus for large n and any

L, _,<|x| <L, the quantity

0—

X qn+1 1 1
—|=1}4,= ~1 = 5.4
([qj ) " <2q2'“ >2qn+1 84, ! G4
In the same way as before we get (5.1) for any L resonant points x,

and x,.
We now consider two cases.

1. n(i+1)=n(i). Then we have

1 1 1
— << (5.5)
L? 97 8‘1;31(;;11)

Suppose x;, x,€4,, _1+Lj0_2(y). Then (5.1), (5.4), and (5.5) imply that
Iy — x5l <Ly 5. Thus for any y there exist XEALJO_I(y) such that
ALjO_l(y)\AWZ)Ler(x‘) is (m;, L;)-regular. We now need to prove the condi-
tion (5.2) for nonresonant box A, _ () in order to apply Sublemma 3.3.
In the same way as for the case (iii%, we get that for every x in a nonreso-
nant box A Lfo—‘( y) we have d(x) = ngf/? and we want to estimate

) d(x)™"

rd’ &
xedry aduis ™)

for some 6§ <’ < 1—9.
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Using again (4.1), (4.2), we get

Y2Ljy—24G41) k =1
Y dwr<Li 44y <——-——)

5 7 - Fnii+1)+1
XeALjo—Z‘I;(Hu)(X) k=1 n(i+ 1)+

<LZ)—1 +(‘C‘W (Lj0~2qr15(i+ 1))1"192(14 1)+1
(5.6)

Since

Gnii+1)+1

+1> 2

3
L 24,61 =1L;

Jo— Jo
we can estimate the right-hand side of (5.6) as

8
u _ ('(L—n)+3n—1}
Ljo~1 + 1=y Lj0~lq;(i+1)

If we now pick 6<d <(1-—3y—0)/(1—n), which is possible since
d<(1-3n)(1—n), and d<k<1—-3yn—-956(1—-n), we will fulfill the
condition (5.2) and thus prove that L, , is m, _,-simple. The same
argument works for L, .

2. Let us now turn to the case n(i+1)>n(i): If L, , =L}, we have

1 < 1 < 1
TP T 31
Ly L7, qﬁ(/})-\‘—l) Sqnfml)

since p>y(3r+ 1) and L, is large enough. We conclude in the same way as

above that |x; —x,| <L, _,.

If L, ,=Lq,,, we have L, ;> g, 1y, n(i+1)=n(i)+1; thus

/.
1 9 Guis 1) 1 1
17 < ) < P ) p{1 —r/s) < 8 3r+1
i Guiv1y Gni+vny Duiiv 1) 9niiv 1)

since

1
- (Br+1)s

S—=r

Thus |x; —x,| <L, _,. After this the rest of the proof is the same as in
case 1. |
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